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Abstract 

We consider Ito SDE dXt = J2T=i ^j(^t) + ^o(^t) di on R''. The diffusion coef- 
p ^ I ficients Ai, ■ ■ ■ , Am arc supposed to be in the Sobolev space Wj^'^f (R'^) with p > d, and to 

r ' have linear growth; for the drift coefficient Aq, we consider two cases: (i) Aq is continuous 

I whose distributional divergence S{Ao) w.r.t. the Gaussian measure jd exists, (ii) Aq has the 

■ Sobolev regularity W^^^' for some p' > 1. Assume J^, exp [Ao(|5(Ao)| + + 
|VAjp))]d7d < +0O for some Aq > 0, in the case (i), if the pathwise uniqueness of solutions 
holds, then the push-forward {Xt)^"fd admits a density with respect to 7^. In particular, if 
the coefficients are bounded Lipschitz continuous, then Xt leaves the Lebesgue measure Leb^ 

I quasi- invariant. In the case (ii), we develop a method used by G. Crippa and C. De Lellis 

■ for ODE and implemented by X. Zhang for SDE, to establish the existence and uniqueness 
(<~^ I of stochastic flow of maps. 

cn 
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1 Introduction 



■ Let Aq, Ai, . . . , Am '■ M'' — )■ M"* be continuous vector fields on W^. We consider the following Ito 

stochastic differential equation on R"^ (abbreviated as SDE) 

m 

dXt = Aj{Xt) dwi + Ao{Xt) dt, Xo = X, (1.1) 
i=i 

where wt = {wj, . . . ,w^) is the standard Brownian motion on W^. It is a classical fact in the 
theory of SDE (see [16, 17, 21, 30]) that, if the coefficients Aj are globally Lipschitz continuous, 
then SDE (1.1) has a unique strong solution which defines a stochastic flow of homeomorphisms 
on M*^; however contrary to ordinary differential equations (abbreviated as ODE), the regularity 
of the homeomorphisms is only Holder continuity of order < a < 1. Thus it is not clear 
whether the Lebesgue measure Leb,^ on M'^ admits a density under the flow Xt. In the case 
where the vector fields AjJ = 0, 1, . . . ,m, are in C^(]R"', M'^), the SDE (1.1) defines a flow of 
diffeomorphisms, and Kunita [21] showed that the measures on which have a strictly positive 
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smooth density with respect to Leb^ are quasi-invariant under the flow. This result was recently 
generalized in [27] to the case where the drift Aq is allowed to be only log-Lipschitz continuous. 
Studies on SDE beyond the Lipschitz setting attracted great interest during the last years, see 
for instance [10, 11, 13, 19, 20, 23, 24, 29, 34, 35]. 

In the context of ODE, existence of a flow of quasi-invariant measurable maps associated to 
a vector field Aq belonging to Sobolev spaces appeared first in [6]. In the seminar paper [7], 
Di Perna and Lions developed transport equations to solve ODE without involving exponential 
integrability of |V^o|- On the other hand, L. Ambrosio [1] took advantage of using continuity 
equations which allowed him to construct quasi-invariant fiows associated to vector fields Aq 
with only BV regularity. In the framework for Gaussian measures, the Di Perna-Lions method 
was developed in [4], also in [2, 12] on the Wiener space. 

The situation for SDE is quite different: even for the vector fields Aq, Ai, . . . , Am in C°° with 
linear growth, if no conditions were imposed on the growth of the derivatives, the SDE (1.1) 
could not define a fiow of diffeomorphisms (see [25, 26]). More precisely, let be the life time 
of the solution to (1.1) starting from x. The SDE (1.1) is said to be complete if for each x G K'^, 
^{tx = +oo) = 1; it is said to be strongly complete if F{tx = +oo, x 6 M.'^) = 1. The goal in [26] 
is to construct examples for which the coefficients are smooth, but the SDE (1.1) is not strongly 
complete (see [11, 25] for positive examples). Now consider 

S = {{w,x) G X M'^; Tx{w) = +oo}. 

Suppose that the SDE (1.1) is complete, then for any probability measure on M'^, 

/ ( / l^{w,x)dF{w)) dn{x) = 1. 

By Fubini's theorem, (jj^^j lx;(if , x) d//(x)) dP(?i;) = 1. It follows that there exists a full 
measure subset JIq C such that for all w G Oq, Tx{w) = +oo holds for /^-almost every x G M.'^. 
Now under the existence of a complete unique strong solution to SDE (1.1), we have a fiow of 
measurable maps x — t- Xt{w, x). 

Recently, inspired by a previous work due to Ambrosio, Lecumberry and Maniglia [3], Crippa 
and De Lellis [5] obtained some new type of estimates of perturbation for ODE whose coefficients 
have Sobolev regularity. More precisely, the absence of Lipschitz condition was filled by the 
following inequality: for / G Wl^^{W^), 

\f{x) - f{y)\ <Ca\x- y\ {Mn\Vf\{x) + Mn\Vf\{y)) 

holds for x,y £ N'^ and — y| < R, where is a negligible set of M'^ and Mfjg is the maximal 
function defined by 

MRg{x)= sup rr I \g{y)\dy, 

0<r<R Lehd[B{x,r)) JB(x,r) 

here B{x,r) = {y G W^', \y — x\ < r}; the classical moment estimate was replaced by estimating 
the quantity 

JB{0,r) V / 

where cr > is a small parameter. This method has recently been successfully implemented to 
SDE by X. Zhang in [36]. 

The aim in this paper is two-fold: first we shall study absolute continuity of the push-forward 
measure {Xt)^Leh(i with respect to Leb^, once the SDE (1.1) has a unique strong solution; 
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secondly we shall construct strong solutions (for almost all initial values) using the approach 
mentioned above for SDE with coefficients in Sobolev space. The key point is to obtain a priori 
estimate for the density. To this end, we shall work with the standard Gaussian measure 7^; 
this will be done in Section 2. The main result in Section 3 is the following 

Theorem 1.1. Let Aq, Ai, . . . , Am be continuous vector fields on M'^ of linear growth. Assume 
that the diffusion coefficients Ai, . . . , Am. are in the Sobolev space Dq-^iOK'jd) and that 6{Aq) 
exists; furthermore there exists a constant Aq > such that 



Suppose that pathwise uniqueness holds for SDE (1.1). Then (Xt)#'yd is absolutely continuous 
with respect to 7^ and the density is in the space log . 

A consequence of this theorem concerns the following classical situation. 

Theorem 1.2. Let A(),Ai, . . . ,Am be globally Lipschitz continuous. Suppose that there exists a 
constant C > such that 



Then the stochastic flow of homeomorphisms Xt generated by SDE (1.1) leaves the Lebesgue 
measure Leb^ quasi- invariant. 

Remark that the condition (1.3) not only includes the case of bounded Lipschitz diffusion 
coefficients, but also, maybe more significant, indicates the role of dispersion: the vector fields 
, • • • , Am should not go radically into infinity. The purpose of Section 4 is to find conditions 
that guarantee strict positivity of the density, in the case where the existence of the inverse flow 
is not known, see Theorem 4.4. 

The main result in Section 5 is 

Theorem 1.3. Assume that the diffusion coefficients Ai,---Am belong to the Sobolev space 
riq>i^l{'yd) and the drift Aq S 11)^(7^) for some q > 1. Assume (1.2) and that the coefficients 
Aq, ^1, • • • , Am are of linear growth, then there is a unique stochastic flow of measurable maps 
X : [0, T] X X M'^ — M'^, which solves (1.1) for almost all initial x € M'^ and the push-forward 
{Xt{w, ■))^'yd admits a density with respect to 7^, which is in L^logL^. 

When the diffusion coefficients satisfy the uniform ellipticity, a classical result due to Stroock 
and Varadhan [32] says that if the diffusion coefficients ^1, • • • , Am are bounded continuous and 
the drift Aq is bounded Borel measurable, then the weak uniqueness holds, that is the uniqueness 
in law of the diffusion. This result was strengthened by Veretennikov [33], saying that in fact the 
pathwise uniqueness holds. When ^0 is not bounded, some conditions on diffusion coefficients 
were needed. In the case where the diffusion matrix a = (aij) is the identity, the drift Aq in (1.1) 
can be quite singular: ^0 £ -^foc(^'^) ^ith P > d-\-2 implies that the SDE (1.1) has the pathwise 
uniqueness (see Krylov-Rockner [20] for a more complete study); if the diffusion coefficients 
^i,--- ,Am are bounded continuous, under a Sobolev condition, namely, Aj £ ^loc^'^^^^ 

j = I,-- - ,m and ^0 G -^^^^^'^^''(1^'^), X. Zhang proved in [34] that the SDE (1.1) admits a 
unique strong solution. Note that even in this uniformly non-degenerated case, if the diffusion 
coefficients lose the continuity, there are counterexamples for which the weak uniqueness does 
not hold, see [19, 31]. 




(1.2) 



m 




for all X eR'^. 



(1.3) 
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Finally we would like to mention that under weaker Sobolev type conditions, the connection 
between weak solutions and Fokker-Planck equations was investigated in [14, 22], some notions of 
"generalized solutions" , as well as the phenomena of coalescence and splitting, were investigated 
in [23, 24]. Stochastic transport equations were studied in [15, 36]. 

2 LP estimate of the density 

The purpose of this section is to derive a priori estimates for the density; we assume that 
the coefficients Aq,Ai, . . . ,Am of SDE (1.1) are smooth with compact support in W^. Then the 
solution Xf, i.e., x i— t- Xt{x), is a stochastic flow of diffeomorphisms on W^. Moreover SDE (1.1) 
is equivalent to the following Stratonovich SDE 

■m 

dXt = J2Aj(.^t)odwi + Ao{Xt)dt, Xo = x, (2.1) 
i=i 

where Aq = Aq — "^JLi^AjAj and Ca denotes the Lie derivative with respect to A. 

Let 7d be the standard Gaussian measure on R'^, and = {Xt)#^d, It = (^;~^)#7d the 
push-forwards of 7^ respectively by the flow X^ and its inverse flow X^^ . To fix ideas, we denote 
by (17, ^,P) the probability space on which the Brownian motion wt is defined. Let Kt — 

and Kt = be the densities with respect to 7^. By Lemma 4.3.1 in [21], the Radon-Nikodym 
derivative Kt has the following explicit expression 

kt{x) = exp - 1^ ^* 5{Aj){Xs{x)) o dwi - 5iAo)iX,ix)) ds^ , (2.2) 

where S{Aj) denotes the divergence of Aj with respect to the Gaussian measure jd- 

[ {V^,Aj)djd= [ ^SiA,)djd, ^^C^i^''). 

It is easy to see that Kt and Kt are related to each other by the equality below: 

Kt{x) = [Kt{Xr\x))y\ (2.3) 
In fact, for any ip G C^(M'^), we have 

i;{x) d7d(x) = [ ^^[Xt{X,-\x))] d7d(x) 

^[Xt{y)]Kt{y)djd{y)= [ ^{x)Kt{X^\x))Kt{x)djd{x), 



which leads to (2.3) due to the arbitrariness of ^ G C^(M ). In the following we shall estimate 
the LP{F X 7rf) norm of Kt. 

We rewrite the density (2.2) with the Ito integral: 



Kt{x) = exp - V / 5{A,){Xs{x)) dwi - - V £a/(^,) + 6{Ao 



{Xs{x))ds]. (2.4) 
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Lemma 2.1. We have 

^ m ^ m ^ m 

- Ca,5{A,) + 5(io) = 5{Ao) + |^,f + - j;(VA,-, (V^,-)*>, 
j=i j=i j=i 

where (•,•) denotes the inner product of and {SJ Aj)* the transpose ofVAj. 

Proof. Let Ahe a vector field on M'^. From the expression 



(2.5) 



we get 



Note that 



S{A) = UkA' 
k=i ^ 

d . 

CA^iA) = Y [A'A''5m + A 

i,k=l ^ 



dA" 
dxk 



dA'' 



dxe dxidxk 



(2.6) 



d (^idA''\ _ dA^dA^ d^A^ 
dxk \ dx£ J dxe dxk dxkdx£ 

Thus, by means of (2.6), we obtain 

CA6iA) = \A\^ + 6{CaA) + (V^, (VA)*) 



(2.7) 



Recall that 5{Ao) = 5{Ao) — ^ X^JLi ^i^AjAj). Hence, replacing A by Aj in (2.7) and summing 
over j, gives formula (2.5). □ 

We can now prove the following key estimate. 
Theorem 2.2. For p > 1, 



\I^t\\LP[¥x-/a) - 



/ exp ( pt 



2|5(Ao)| + Y d^.-l' + iV^il' + 2(P - WiA,)\') 



p{2p-l) 



(2. 



Proof. Using relation (2.3), we have 

E[i^f(x)]d7d(x)=E / [Kt{Xr\x))]~U^,{x) 
= E [ [Kt{y)]~''Kt{y)dUy) 
E[(Ki(x))-"+'] djdix). 



(2. 



To simplify the notation, denote the right hand side of (2.5) by Then Kt{x) rewrites as 
Kt{x) = exp - ^ 5{A,){X,{x)) dw^ - $(X,(x)) ds^ . 
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Fixing an arbitrary r > 0, we get 



/ r-t r-t 

j=l 



X 

By Cauchy-Schwarz's inequality, 



E[{Kt{x)r-] 



< 



j=l 
/ /•< ™ -1/1 

X Eexpi^J (^2r2^|(5(Aj)p + 2r^>)(X,(x))ds 

y (2r2^|(5(^j)|2 + 2r$)(X,(x))ds 



1/2 



(2.10) 



since the first term on the right hand side of the inequahty in (2.10) is the expectation of a 
martingale. Let 

m 

= 2r\6iAo)\ + r ^ (|A,f + |VA,f + 2r\6{Aj)\^). 
Then by (2.10), along with the definition of ^ and Cauchy-Schwarz's inequality, we obtain 

1/2 



/ E[{kt{x)) '']d-fd 



< 



Eexp( 1^ $,(X,(x))ds ) d7d 



(2.11) 



Following the idea of A.B. Cruzeiro ([6] Corollary 2.2, see also Theorem 7.3 in [8]) and by 
Jensen's inequality, 

expQ*|.,(X,(x))ds^ =expQ\|.,(X,(x))y) < i ^* e* M^.(-)) ds. 

Define I{t) = supo<5<t J^d ^[Kf{x)] dj^- Integrating on both sides of the above inequality and 
by Holder's inequality, 

Eexpf / ^r{Xs{x))ds^d-fd{x) <- [ E [ e**' ^^^^^)) d7rf(x) ds 
V ^0 / t Jo JR-i 

^ ^ E / e**'-(^)JC(y)d7d(y)ds 



L',(yJ\^s\\LP{Fx'ya)^S 



1 



< - I lie' 



< e 



li''(7d) 



where q is the conjugate number of p. Thus it fohows from (2.11) that 

E[(J?,(x))-n d7.(:r)<||e**i^/4^)/(t)V2p. 
Taking r = p — 1 in the above estimate and by (2.9), we obtain 

l^nKf{x)]dUx) < i|e**-ii/4^)/(t)^/2^ 

Thus we have I{t) < ||e**P"^ || j^'^,^^^^^ /(i)^/^^. Solving this inequahty for I{t) gives 

pt 



(2.12) 



/ E[Kf{x)] d7d(^) < I{t) < 



exp 



Now the desired estimate fohows from the definition of <I>p_i 
Corollary 2.3. For any p > I, 



$p_i(x) d7d(x) 



2p-l 



□ 



\Kt\\LPi¥x-ta) ^ 



/ exp ( {p + l)t\2\5{Ao)\ + V (|A,-P + |VA,f + 2p|5(A,-)l') 



d7d 



1 

2p+l 



Proof. Similar to (2.12), we have for r > 0, 

E[(J?,(x))n d7,(x)<||e**i^/4^)/(t)V2p, 

t-lp-iiip/CZp-i) 



where and I{t) are defined as above. Since I{t) < ||e 
get 



E[(K,(x))^-^] d7.(x) < ||e**-i^/,f;/ 



'rLV(^^) ' ' by taking r =p 



(2.13) 



(2.14) 



1, we 



mAo)\ + (i^.f + iv^.f + 2(p - imA,)\') 



exp 
! V 

Replacing p by p + 1 in the last inequality gives the claimed estimate. 



d7d 



2p-l 



□ 



3 Absolute continuity under flows generated by SDEs 

Now assume that the coefficients Aj in SDE (1.1) are continuous and of linear growth. Then 
it is well known that SDE (1.1) has a weak solution of infinite life time. In order to apply the 
results of the preceding section, we shall regularize the vector fields using the Ornstein-Uhlenbeck 
semigroup {Ps}s>o on W^: 



PeA{x) = [ A{e-'x + \/l-e-2- y) d7d(y). 



We have the following simple properties. 

Lemma 3.1. Assume that A is continuous and \A{x)\ < C (1 + jxl*^) for some q > 0. Then 
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(i) there is Cq > independent of e, such that 

\PeA{x)\ <Cq{l + \x\''), for allxeR'^; 

(ii) PsA converges uniformly to A on any compact subset as e — )• 0. 

Proof, (i) Note that \e"''x + \/l — e~^^ y | < + \y\ and that there exists a constant C > 
such that (|x| + \y\)'^ < C {\x\'^ + \y\'^). Using the growth condition on A, we have for some 
constant C > (depending on q), 

\PsA{x)\< [ \A{e-'x + VT^7^y)\d-fd{y) 



<C [ (l + |xr + |yr)d7d(y) <C(l + |xr + M,) 



where Mg = \y\'^ d'jdiy) ■ Changing the constant yields (i). 

(ii) Fix R > and x in the closed ball B{R) of radius R, centered at 0. Let Ri > R he 
arbitrary. We have 



\PeA{x) - A{x)\ < \A{e-''x + y/T 



-2e 



y) - A{x)\d-id{y) 



(I + [ )\A{e~'x + ^/l 



-2e 



y) - djdiy) 



=:h + h- (3.1) 
By the growth condition on A, for some constant Cq > 0, independent of e, we have 

h< f (\A{e-'x + Vl - y)\ + \A{x)\) d^^iy) 
Jb{RiY ^ ' 

<Cq [ (l + ii^ + |y|'')d7d(2/), 

Jb(Ri)'^ 

where the last term tends to as i?i — t- +oo. For given > 0, we may take Ri large enough 
such that I2 < rj. Then there exists e/j^ > such that for e < er-^ and \y\ < Ri, 

{e-^x + Vl - e-2e y\ < e^^R + ^/l - e-^e R^ < R^. 

Note that 



|e"^x + \/l - e-2ey _ ^1 <eR^ V^eRi, for |x| < R, \y\ < Ri. 
Since A is uniformly continuous on B{Ri), there exits Sq < e/jj such that 



\A{e-''x+ VI- e-^^y) - A{x)\ < t] for all y £ B (Ri) , e < Eq. 
As a result, the term Ii < r]. Therefore by (3.1), for any e < Eq, 

sup \PeA{x) - A{x)\ < Irj. 

\x\<R 

The result follows from the arbitrariness of > 0. □ 

The vector field P^A is smooth on but does not have compact support. We introduce 
cut-off functions Lp^ G C^(IR'', [0, 1]) satisfying 

(^e(x) = 1 if |x| < -, ^e{x) = if |x| > — h 2 and ||V(/?£||oo < 1- 
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Set 



A'. = ip,PsAj, j = 0,l,...,m. 



Now consider the Ito SDE (1.1) with Aj being replaced by Aj (j = 0, 1, . . . , m), and denote the 
corresponding terms by adding the superscript e, e.g. , Kf, etc. 

In the sequel, we shall give a uniform estimate to Kf. To this end, we need some preparations 
in the spirit of Malliavin calculus [28]. For a vector field A on and p > 1, we say that 



A e ^\{ld) if ^ G L^ild) and if there exists V A: 



in LP{'yfi) such that for any 



VA(x)(v) = dyA := hm + ^'") — j^Q^g L^' (jd) for any p' < p. 

For such A € B^(7d), the divergence (5(^4) G L^(7rf) exists and the following relations hold: 

VPeA = e-'Pe(VA), 6{PeA) = e'PM^))- (3-2) 
If yl G LP{jd), then P^A G D?(7d) and lim^^o ll^e^ - A\\lp = 0. 

Lemma 3.2. Assume the vector field A G ©^'(7^) to^/i p > 1, and denote by A^ = ipf^Pf^A. Then 
/or eG]0, 1], 

\5{A^)\ < P4A\ + e\5{A)\) , 

|A^|2<P,(|^|2), 
|V^^|2 <p42(|A|2 + |VA|2)], 
|5(A^)|2<P42(|A|2 + e2|5(yl)|2)]. 

Proof. Note that according to (3.2), S^A"^) = 5{ipePeA) = ipee'^Pe5{A) - {Vipe, PgA), from where 
the first inequality follows. In the same way, the other results are obtained. □ 

Applying Theorem 2.2 to Kf with p = 2, we have 



exp 2t 



2\5{Al)\ + {\Af + \VAf + 2\6iA^^)\') 



By Lemma 3.2, 

m 

2 \6{Al)\ + {\Af + \VAf + 2\6{A^)\') 



1/6 



(3.3) 



< Pr 



2\Ao\ + 2e\6{Ao)\ + ^ (7|A,f + 2|Vyl,f + 4e''\6iA,)\^) 



We deduce from Jensen's inequality and the invariance of 7^ under the action of the semigroup 
Pe that 



/ 



exp At 



\Ao\ + e|<5(^o)| + Y (4|^jf + l^^il' + 2e'|<5(^i)n j^Td 



nl/6 



for any e < 1. According to (3.4), we consider the following conditions. 
Assumptions (H): 



(3.4) 
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(Al) For j = 1, . . . ,m, Aj £ ng>iB^(7(i), Aq is continuous and 5{Aq) exists. 
(A2) The vector fields Aq, Ai, . . . , Am have hnear growth. 
(A3) There exists Aq > such that 



exp 



Xo(\6{Ao)\+Y,\6{A,] 



d7d < +00. 



(A4) There exists Aq > such that 



^^exp ^Ao^ iV^jf ^d7d < +00. 



Note that by Sobolev's embedding theorem, the diffusion coefficients Ai,...,Am. admit 
Holder continuous versions. In what follows, we consider these continuous versions. It is clear 
that under the conditions (A2)-(A4), there exists Tq > small enough, such that 



Ato := / exp ATo 
In this case, for t £ [0, Tq], 



1/6 



sup ||Kf||L2(px^^) < Ato- 

0<£<1 



< 00. (3.5) 



(3.6) 



Theorem 3.3. Let T > be given. Under (A1)-(A4) in Assumptions (H), there are two 
positive constants Ci and C2, independent of e, such that 

sup E [ Kl\ log Kt\ d7d < 2 (Cir)^/2^To + C2Tk\, for all t G [0, T]. 

0<£<1 JRd 



Proof. We follow the arguments of Proposition 4.4 in [12]. By (2.3) and (2.4), we have 



where 



Thus 



I m -. m 



e/ A7|logi^f|d7d = E / |log/ff(Xf(x))|d7d(x) 



< E 



m „j 

/ 6iA^^){Xl{x))dwl 

7 = 1 



d7d(x) + E 



MXl{x))ds 



d7d(x) 



Using Burkholder's inequality, we get 



(3.7) 



E 



772 p y lib 

5{A^^){XI{x))dwi <2E (Y \S{Aj){XI{x))f ds 



m „f 



1/2- 
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For the sake of simplifying the notations, write = X^JLi ["^(^pP- Cauchy's inequahty, 

1/2 



/i < 2 



t 

E 

Jw^ 



(3i 



Now we are going to estimate E j^a \ '^e{Xt{x))\ d^d{x) for a G Z+ which wiU be done induc- 
tively. First if s G [0, Tq], then by (3.4) and (3.6), along with Cauchy's inequality. 



E 



|^,(Xf(x))|^ d7rf(x)=E/ \^Mr KI{y)djM 



..ytj ||2° 



< Amll^ 



(3.9) 



Now for s G ]Tq, 2Tq], we shall use the flow property of X^: let {6TQw)t ■= WT^+t — wTq and X 
be the solution of the Ito SDE driven by the new Brownian motion {9T(;,w)t, then 

Xf,^,+4(x, w) = Xf'' (Xf,^ (x, w), Bt.w) , for ah t > 0, 
and X^''^° enjoys the same properties as X^ . Therefore, 

e/ \^,{XI{x))fdjd{x)=E[ \^4x:'\{X^j^^{x)))fd^d{x) 

E / \^f4Xl%iy))fK^^^iy)dUy) 



e,To 



which is dominated, using Cauchy-Schwarz inequality 



E 



^,{x:'Xiy))f^^dUy) 



2a+l 



1/2 



I^TollL2(Px7d) 



1/2 



Repeating this procedure, we finally obtain, for all s £ [0, T], 



E 



/ \MX!{x))r d^x) < -^+-+2-'^^^ii* 



where A'" G Z+ is the unique integer such that (A^ — 1)Tq < T < NTq. In particular, taking 
a = gives 

,2 



E / 



:{Xl{x))\d-fd{x) < A^JI^-.ll^^iV^^^). 



(3.10) 



By Lemma 3.2, 



sup 11^,11^,^ < 



0<£<1 



2^{\A,\' + e'\6iA,)\') 



--■■Ci 



whose right hand side is finite under the assumptions (A2)-(A4). This along with (3.8) and 
(3.10) leads to 

/i <2(CiT)1/2Ato. (3.11) 
The same manipulation works for the term I2 and we get 

h < C2TKl^, (3.12) 
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where 



Co 



„ m m 

Ao\+e\5{Ao)\ + -Y.\A,\' + Y.\VA,\' 



2 



< oo. 



Now we draw the conclusion from (3.7), (3.11) and (3.12). □ 

It follows from Theorem 3.3 that the family {i^.''}o<e<i is weakly compact in i^([0, T] x $7 x 
M ). Along a subsequence, Kf converges weakly to some as e — )• 0. Let 

C = jii G Li([0, T] X 17 X M^) : ut > 0, j^^ E{ut log ut) d-fa < 2 {CiT)^/^Ato + CiTK^ | . 

By convexity of the function s — )■ s log s, it is clear that C is a convex subset of L"'^([0, T] x (7 xM°'). 
Since the weak closure of C coincides with the strong one, there exists a sequence of functions 
u(") e C which converges to K in L^([0, T] x O x W^). Along a subsequence, u^") converges to 
K almost everywhere. Hence by Fatou's lemma, we get for almost all t G [0,r], 

/ ¥.{Kt\ogKt)d^d<2{CiTf/^KT,+C2TKl^. (3.13) 

Theorem 3.4. Assume conditions (Al)-(A4) and that pathwise uniqueness holds for SDE (1.1). 
Then for each t > 0, there is a full subset fi^ C such that for all w £ fi^, the density Kt of 
{Xt)^'yd with respect to 7^ exists and Kt G L-'^logL^. 

Proof. Under these assumptions, we can use Theorem A in [18]. For the convenience of the 
reader, we include the statement: 

Theorem 3.5 ([18]). Let crn{x) and bn{x) be continuous, taking values respectively in the space 
of {d X m) -matrices and W^. Suppose that 

SUp{\\an{x)\\ + \bn{x)\) <C(l + |x|), 
n 

and for any R > 0, 

lim sup (||o-„(x) - fT(x)|| + \bn{x) - b{x)\) = 0. 
"^+°°|x|<ij 

Suppose further that for the same Brownian motion B{t), Xn{x,t) solves the SDE 

dXn{t) = CTn{Xn{t)) dB{t) + 6„(X„(t)) dt, X„(0) = X. 

If pathwise uniqueness holds for 

dX{t) = a{X{t)) dB{t) + b{X{t)) dt, X{0) = x, 
then for any R > 0, T > 0, 

lim sup e( sup \Xn{t,x) - X{t,x)\A =0. (3.14) 

'^^+°°\x\<R \0<t<T J 

We continue the proof of Theorem 3.4. By means of Lemma 3.1 and Theorem 3.5, for any 
T,R>0, we get 

lim sup e( sup \X^{x) - Xt{x)\A =0. (3.15) 

^^°\x\<R \0<t<T J 
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Now fixing arbitrary ^ G L°°(r2) and £ 



we have 



E / |e(.)||V(^f(x))-V(Xt(a;))|d7d(x) 



< ll^llc 



+ / )E|V^(XKx))-V'(^t(x))|d7d(x) 

B{R) Jb{RY . 



By (3.15), 



=: Ji + J2. 



Ji < llClloollVVlloo / E \Xt{x) - Xt{x)\ d7d(x) 

JB{B) 



(3.16) 



< ll^lloollVVlIc 



sup El sup \Xl{x)—Xt{x) 

\x\<R \0<t<T 



1/2 



as e tends to 0. It is obvious tliat 

j2<2u\\oo\mooid{B{Rr). 

Combining (3.16), (3.17) and (3.18), we obtain 

limsupE / lei \^P{X^{x)) - ^P{Xt{x))\dJd{x) < 2 UW 

e-i-0 JR'I 



(3.17) 



(3.18) 



00 00 



as R'l 00. Tlierefore 



limE/ eV'(^f(x))d7d(x)=E / ^ij{Xt{x))djd- 



(3.19) 



On the other hand, by Theorem 3.3, for each fixed t € [0,T], up to a subsequence, 
converges weakly in L^{n x M'') to some Kt, hence 



E/ cV'(^f(x))d7d(x) = E / CHy)K!{y)d^diy) 

-^E / e^(2/)iet(y)d7d(y). 

This together with (3.19) leads to 

E / ^i;{Xt{x))d^d{x)=E [ ii;{y)kt{y)d^d{y)- 
By the arbitrariness of ^ G L°°(r2), there exists a full measure subset fi^ of Q such that 



(3.20) 



V'(Xj(x)) d'jdix) = / tlj{y)Kt{y) d-jaiy), for any a; G fi^. 



Now by the separability of C^(M'^), there exists a full subset il^ such that the above equality 
holds for any ^ e C^{R'^). Hence (Xt)#7rf = K^d- □ 

Remark 3.6. The Kt{w,x) appearing in (3.13) is defined almost everywhere. It is easy to see 
that Kt{w,x) is a measurable modification of {Kt{w,x); t G [0,T]}. 
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Remark 3.7. Beyond the Lipschitz condition, several sufficient conditions guaranteeing path- 
wise uniqueness for SDE (1.1) can be found in the literature. For example in [13], the authors 
give the condition 

m 

- <C\x- - l^o(^) - ^o(y)| <C\x- y\r{\x - y\^), 

i=i 

for |x — y| < Co small enough, where r: ]0, cq] — )• ]0, +oo[ is satisfying 

(i) lim r(s) = +oo, 

s~>-0 

sr^ (s^ 

(ii) lim — -— = 0, and 

s^o r{s) 

Corollary 3.8. Suppose that the vector fields Aq, Ai, . . . , Am are globally Lipschitz continuous 
and there exists a constant C > 0, such that 

m 

Y{x,Aj{x)f <C{l + \x\'^) for allx eM.'^. (3.21) 
i=i 

Then (X()#Lebd <^ Leb^ for any t G [0,T] . 

Proof. It is obvious that hypotheses (Al), (A2) and (A4) are satisfied, and that for some 
constant C > 0, 

\6{Ao)\{x) < C(l + |x|2). 
Hence there exists Aq > such that f^a exp {Xo\6{Aq)\) d^d < +oo. Finally we have 



5^ I 5{Aj)\\x) < 2 ^(x, A,{x)f + 2 Lip(^, 
j=i j=i j=i 

Therefore, under condition (3.21), there exists Aq > such that 



[ exp(xof]\5{A 



Hence, hypothesis (A3) is satisfied as well. By Theorem 3.4, we have (Xt)#^d = Kt'^d- Let A be 
a Borel subset of M'^ such that hehdiA) = 0, then ■^di-^) = 0; therefore /jg^ l{Xt(x)eA} d^d{x) = 0. 
It follows that l{Xt(z)gA} = for Lebd almost every x, which implies Lebd(A'( G A) = 0; this 
means that (X()^Lebrf is absolutely continuous with respect to Leb^. □ 

In the next section, we shall prove that under the conditions of Corollary 3.8, the density 
of (Xf)#Lebd with respect to Leb^ is strictly positive, in other words, Leb^ is quasi-invariant 
under Xt. 

Corollary 3.9. Assume that conditions (Al)-(A4) hold. Let a = (A^j) and suppose that for 
some C > 0, 

a{x)a{x)* > CM, for all x G R'^. 
Then {Xt)^^d absolutely continuous with respect to -jd- 

Proof. The conditions (Al)-(A4) are stronger than those in Theorem 1.1 of [34] given by 
X. Zhang, so the pathwise uniqueness holds. Hence Theorem 3.4 applies to this case. □ 
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4 Quasi-invariance under stochastic flow 



In the sequel, by quasi-invariance we mean that the Radon-Nikodym derivative of the corre- 
sponding push-forward measure is strictly positive. First we prove that in the situation of 
Corollary 3.8, the Lebesgue measure is in fact quasi-invariant under the stochastic flow of home- 
omorphisms. To this end, we need some preparations. In what follows, Tq > is chosen small 
enough such that (3.5) holds. 



Proposition 4.1. Let q > 2. Then 



lim / E 

£^0 



rn 

sup [5{A^){Xl)-5{A,){X,)]Awi 

0<t<To Jo 



djd = 0. 



(4.1) 



Proof. By Burkholder's inequality, 

m „j 



e( 



sup 

V 0<t<To 



^ / [6{A^){Xl)-6{A,){Xs)]dwi 

~i JO 



< CE 



To ™ \9/2 

Y\5{A^^){Xl)-6{A,){Xs)\'ds 

m To 

< CT^-' / E{\6{A^^)iX!) - 5{A,){XsW) ds. 

Again by the inequality (a + < Cg {a'^ + 6^), there exists a constant Cg^To > such that the 
above quantity is dominated by 



Cg,ToY. / Hm^j)iXl)-6iA,)iXlW)ds+ E{\6iA,)iXl) - 6iA,)iX,)\^)ds 
VJo Jo 

Let If and If t>e the two terms in the squared bracket of (4.2). Note that 

E{\6{A^^){XI) - 6{A,){XlW)dj, 



(4.2) 



e[ \5{A^j)-6iA,)\'^Kl 



djd 



<P(Ap-5(yl,)||i,,(^^)||i^f||i2(p,,,). 
According to (3.5), for s < Tq, we have H-f^f ||L2(Px7d) ^ ^Tq- Remark that 



(4.3) 



(Px7d) 

6{A') = 6{ipePeAj) = ip,e'Pe6{Aj) - {Vipe,PeA 



which converges to 5{Aj) in ^^'^(7^). By (4.3), 



Ildld 



To 



E{\5{A^){X!)-6{A,){X!)\^)djd 



ds 



<roAToP(4)-<5(^,)lll2,(^^) 

which tends to as e — )• 0. 

For the estimate of If, we remark that f^d \HAj)\'^'^ d'jd < +00. Let ry > be given. There 
exists G Cc(M'') such that 

|5(A,)-V'|29d7d<?72. 
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We have, for some constant Cg > 0, 

E{\S{Aj){XI) - 5{A,){X,)\i) d7d 
<cJ [ E{\6{Aj){Xl)-i;{Xl)\'^)d^,+ 

+ / E{mx,) - 6{Aj){XsW)d^d 
Again by (3.6), we find 



E{mxi)-ij{Xs)\i)d^, 



(4.4) 



E 



In the same way. 



\5{A,){Xl)-^{Xl)\''d^, 



E 



\6{A,)-i;\''Kldj, 



E 



/ \6{AJ){Xs)-^^^{XsWdJd 



To estimate the second term on the right hand side of (4.4), we use Theorem 3.5: from (3.14), 
we see that up to a subsequence, Xf(u;,x) converges to Xs{w,x), for each s < Tq and almost 
all {w, x) G X M.'^. By Lebesgue's dominated convergence theorem. 



lim 

£^0 



E(|V^(XD-^(X,)r) d7d = 0. 



In conclusion, lirn Jj^^j /f^Td = 0. According to (4.2), the proof of (4.1) is complete. 
Proposition 4.2. Let ^> be defined by 

i=i i=i 
and analogously $e where Aj is replaced by A^-. Then 

hm / r E{\^,{Xl) - cD(X,)r) d.d7d = 0. 
Proof. Along the lines of the proof of Proposition 4.1, it is sufficient to remark that 

lim ||$e - $||L2?(7d) = 0- 
To see this, let us check convergence for the last term in the definition of <!>£. We have 

KVA,%(VAp*)-(VA,,(VA,)*)| 

< ||V^^ - V^jll llVyl^ll + \\VAj\\ ||VA^ - V^j||. 

Note that A""- = (fePe^j- Thus 

VA'j = Vipe PsAj + e-'ipePei^Aj), 

which converges to VAj in L29(7^) as e 0. 
Now we can prove 



□ 



(4.5) 



(4.6) 



(4.7) 



□ 
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Proposition 4.3. Under the conditions of Corollary 3.8, the Lebesgue measure Leb^ is quasi- 
invariant under the stochastic flow. 

Proof. Let kt be the density of (Xf)^Lebc; with respect to Leb^. We shall prove that kt is 
strictly positive. Set 

K^{x) = exp ( - f; £ 6iA'^)iXlix)) dwi - (x)) ds) , (4.8) 

where is defined in Proposition 4.2. By (2.3) we have 



f)i?fd7d=/ V'dTd, i^GCliR"). (4.9) 



Applying Propositions 4.1 and 4.2, up to a subsequence, for each t <Tq and almost every (w, x), 
the term K^{w,x) defined in (4.8) converges to 



Kt{x) = exp - ^ ^ 5{Aj){X,{x)) dwi " ^ H^six)) ds^ . (4.10) 

By Corollary 2.3 and Lemma 3.2, we may assume that Tq is small enough so that for any t < Tq, 
the family {K^ : e < 1} is also bounded in L^(P x 7^). Therefore, by the uniform integrability, 
letting e — >■ in (4.9), we get P- almost surely, 

[ ij{Xt)Ktdjd= [ V'dTd, VeC.HM'^). (4.11) 

Now taking a Borel version of x — t- Kt{w,x). Under the assumptions, the solution Xt is a 
stochastic flow of homeomorphisms, hence the inverse flow X^^ exists. Consequently, if t < Tq, 
we deduce from (4.11) that the density Kt{w,x) of {Xt)^jd with respect to 7^ admits the 
expression Kt{w,x) = [Kt{w,X^^{w,x))'\ ^ which is strictly positive. For Xt+To with t < Tq, 
we use the flow property: XtJ^To{w,x) = Xt{9ToW , Xto{w , x)) . Thus, for any G C^(M'^), 



V^(Xt+To)d7d= / V(^t(^To))d7d 

= [ i;{Xt)KT,djd= [ i^KT,{Xf')Ktdjd- 

That is to say, the density Kt+To = KTo{Xf^^Kt is strictly positive. Continuing in this way, we 
obtain that Kt is strictly positive for any t > 0. 

Now if p{x) denotes the density of 7^ with respect to Leb^, then 

kt{w,x) = p{X^^{w,x))~^Kt{w,x)p{x) >0 

which concludes the proof. □ 
In what follows, we will give examples for which existence of the inverse flow is not known. 

Theorem 4.4. Let Ai, . . . , be bounded vector fields on such that their derivatives 
are of linear growth; furthermore let Aq be continuous of linear growth such that 5{Aq) exists. 
Define 

m 

Ao = Ao-Y,J^A,Aj. (4.12) 
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Suppose that 6{Aq) exists and that 

exp (Ao i\S{Ao)\ + |<5(io)|)) dja < +00, for some Xq > 0. (4.13) 
If pathwise uniqueness holds both for SDE (1.1) and for 

m 

AYt = J2 MYt) dwi - AoiYt) dt, (4.14) 
i=i 

then the solution Xt to SDE (1.1) leaves the Gaussian measure quasi-invariant. 

Proof. Obviously the conditions in Theorem 3.4 are satisfied; hence {Xt)^^^ = Kt 7^^. Let 
i > be given, we consider the dual SDE to (1.1): 

TO 

dFi = A, (yi) dw'^^ - io(y/) ds 

for which pathwise uniqueness holds; here w\ = Wt-s — Wt with s £ [0, t]. Let j = 0, 1, . . . , m, 
be the vector fields defined as above. Consider 

m 

i=i 

where = - YlJ=i'^A-A!'-. Then it is known that {Xf)^^ = Y^'^ . It is easy to check that 
for some constant C > independent of s, 

\Mi^)\<C{l + \x\). (4.15) 

Moreover, 



which converges locally uniformly to Aj . Therefore Aq converges uniformly over any compact 
subset to Aq. By Theorem 3.5, 

lim sup e( sup |yi'=-yin =0. 



^-^0|x|<iJ Vo<s<t 

It follows that, along a sequence, Y^'^ converges to Y^ for almost every {w,x). Now let tpi,'>p2 G 
we have for t <Tq, 



Letting e — )• leads to 

' V'l • MXt)Kt d7d = / V'l (y/) • ^^2 d7rf. (4.16) 



Taking -01 and ■02 positive in (4.16) and using a monotone class argument, we see that 
equation (4.16) holds for any positive Borel functions ipi and 0^2 • Hence taking a Borel version 
of Kt and setting -01 = 1/-^"* in (4.16), we get 



MXt)d^d= / [Kt{Y^')\ V2d7rf. (4.17) 
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It follows that Kt = [Kt{Y^^)] > for t < Tq. For Xf+To with t < Tq, we shall use repeatedly 
(4.16). By the flow property, Xt+Toi'w,x) = Xt{6ToW , XTt^{w , x)) where {6x0^)1 = Wt+To - ""^To- 
Letting t = Tq and replacing -02 by tjj2{Xt) we get 

/ Vi-V'2(Xt+To)i^rod7d= / i^i{Y^;;)MXt)d^d. 

Taking ipi = I/K^q in the above equality, we get 

= [ [KT,{Y^^iY,'))r'[Kt{Y,')r' i^2dj,, 

where in the last equality we have used (4.16) with ipi = [ETtq (Y^")] ^Kf^. It follows that the 
density Kt+To of {Xt+To)#7d with respect to 7^ is strictly positive, and so on. □ 

Corollary 4.5. Let Ai,...,Am be bounded vector fields such that their derivatives up to 
order 2 grow at most linearly, and let Aq be a continuous vector field of linear growth. Suppose 
that 

\Aq{x) — ^o(y)| < Cr \x — y\ logfc -. T for \x\ < R, \y\ < R, \x — y\ < cq small enough, 

\x — y\ 

(4.18) 

where log;, s = (log s) (log log s) . . . (log . . . log s). Suppose further that 

div(Ao) = E ^ 

^-^ OXj 

j=l J 

exists and is bounded. Then the stochastic flow Xt defined by SDE (1.1) leaves the Lebesgue 
measure quasi- invariant. 

Proof. It is obvious that Aq defined in (4.12) satisfies condition (4.18); therefore by [13], 
pathwise uniqueness holds for SDE (1.1) and (4.14). Note that 5{Aq) = {x,Aq) — div(Ao)- Then 
condition (4.13) is satisfied; thus Theorem 4.4 yields the result. □ 

5 The case ^0 in Sobolev spaces 

From now on, Aq is not supposed to be continuous, but in some Sobolev space, that is, we 
replace the condition (Al) in (H) by 

(Al') For i = 1, . . . ,m, E ng>iB?(7d), Aq G ©^(7^) for some q>l. 

First we establish the following a priori estimate on perturbations, using the method developed 
in [36]. Let {Aq, Ai, • • • be a family of measurable vector fields on W^. We shall give a 

precise definition of solution to the following SDE 

m 

dXt = J2 MXt) dwl + AoiXt) dt, Xq = X. (5.1) 

■i=i 
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Definition 5.1. We say that a measurable map X : x M*^ — > C([0,T],M'^) is a solution to ltd 
SDE (5.1) if 

(i) for each t E [0, T] and almost all x £ W^, w — )• Xt{w,x) is measurable with respect to Tt, 
i.e. the natural filtration generated by the Brownian motion {wg', s <t}; 

(ii) for each t G [0,T], there exists Kt G L^{¥ x W^) such that {Xt{w, •))#7d admits Kt as the 
density with respect to 7^; 

(iii) almost surely 

m .T r-T 

V/ \Ai{Xs{w,x))\'^ds+ |Ao(X,(u;,x))|ds < +CX); 



(iv) for almost all x G 



™ j-t nt 

Xt{w,x)=x + y2 A^{Xs{w,x))dwi+ Ao{Xs{w,x))ds; 
^0 ^0 

(v) the flow property holds 

Xt+s{w,x) = Xt{9sW,Xs{w,x)). 

Now consider another family of measurable vector fields {Aq, Ai, ■ ■ ■ , Am} on W^, and denote 
by Xt the solution to the SDE 



dXt = Y,MXt)M + MXt)dt, X 



= X. 



(5.2) 



i=l 



Let Kt be the density of {Xt)#7d find define 



Ap,T = sup ( \\Kt\\LP(p^^A V \\Kt\\Lprpx^A 
0<t<T^ 



(5.3) 



Theorem 5.2. Let q > 1. Suppose that Ai, ■ ■ ■ ,Am as well as Ai, ■ ■ ■ ,Am are in ©^"^(7^) and 
Aq,Aq G D^(7rf). Then for any T > and R > 0, there exist constants C^^q^R > and Ct > 
such that for any a > 0, 



E 



/ supo<j<T \ Xt — Xt\^ 



log ^ 



+ 1 d7rf 



i=l 



i=l 



1 1 " / 

i=l 1=1 

where p is the conjugate number of q: 1/p + 1/q = 1 and 

Gr{w) = \ x eR"^ : sup \Xtiw,x)\V\Xt{w,x)\ < R}. 
I 0<t<T 



2 



(5.4) 
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Proof. Denote by = — ^ti then = 0- By Ito formula, 

m 

d|6|' = 2Y,{Ct,MXt) - MXt))dwl + 2{^t,Ao{Xt) - Ao{Xt))dt 
1=1 

m 

1=1 

For cr > 0, log + l) = logd^tp + fJ^) - log cr^. Again by the Ito formula, 



(5.5) 



dlogi\^t\' + a') = 
using (5.5), we obtain 

m 

dlog(|6p + a2) = 2^ 



d|6P 1 ^Er=i{Ct,A{Xt)-MXt)y' 



i=l 
m 



{^uMXt)-MXt)) _^ , , ^ (g„^o(X,)-io(l,)) 



dt 



^ |^,(x,)-^.(x,)|^ _ ^ (6,^.(x,)-^.(x,))^ 

= : d/i(t) + dhit) + dhit) + d/4(t). 



(5.6) 



Let tr{x) = inf{t > : |A't(a;)| V |^t(a;)| > R}. Remark that almost surely, Gr C {x : 
tr{x) > T} and for any t > 0, {tr > t} C B{R). Therefore 



E 



sup |/i(t)|d7d 

Gr 0<t<T 



< E 



/ sup \Ii{t)\djd 

Jb{R) 0<t<TATR 



By Burkholder's inequality. 



sup |/i(t)p ) < 4E 

V 0<t<TATji 



'^^-^ ^ (6,^.(X,)-i,(X,))2 



i=l 



which is obviously less than 



4E 



Hence 
E 



sup |/i(t)|d7d 

B{R) 0<t<TATR 



< 4 



i=l 



T 



E 



{rR>t} .^-L 



\Ai{Xt) - AiiXt)\' 



■ (5.7) 



We have Ai{Xt) - Ai{Xt) = Ai{Xt) - Ai{Xt) + Ai{Xt) - Ai{Xt). Using the density Kt, it is 
clear that 



E 



\A,{Xt) - MXtW 

{rR>t} \Ct\'+<T^ 



d7d < / \A{Xt) - A{Xt)\''d^d 
= ^E I \A-Ai\'Ktd^d. 



Thus by Holder's inequality and according to (5.3), we have 

\Ai{Xt) - MXt)\^ . 



E 



IC 12 , 2 ^^rf - -^W^i - 

{rR>t} I6r + f^^ 



(5.8) 
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Now we shall use Theorem 6.1 in the Appendix to estimate another term. Note that on the 
set {tr > t}, Xt,Xt e B{R), then \Xt - Xt\ < 2R. Since (Xt)#7d < 7d and {Xt)#ld < Id, we 
can apply (6.2) so that 



\MXt)-A{Xt)\ < Cd\Xt-Xt\ {M2R\VA.,\{Xt) + M2R\VAi\{Xt)). 



Then 

E 



\A{Xt) - A{Xt)\^ 

{r,>t} \Ct\^+^' 



d7d 



<CjE {M2R\VAi\iXt) + M2R\VAi\{Xt)yd^d- 



{rR>t} 



Notice again that on {tr{x) > t}, Xt{x) and Xt{x) are in B{R), therefore 



E 



\Ai{Xt) - AjjXt 

{rR>t} 



< 2Cj E / {M2R \VA,\Y [Kt + Kt) d-fd 
Jb{r) 



B{R) 



(5.9) 



Remark that the maximal function inequality does not hold for the Gaussian measure 7^ on 
the whole space M'^. However, on each ball B{R), 

Thus, according to (6.3), 

/ {M2R\VA\f'd^d<-\- [ {M2R\VA,\f'dx 
Jb(R) Jb(R) 



Cd,, 



B{3R) 



Jb(3R) 



'B{3R) 

Therefore by (5.9), there exists a constant Cd,q,R > such that 



|2g 



E 



\AiXt)-AiXt 

12 I rr2 



-d7d 



Combining this estimate with (5.7) and (5.8), we get 



< Cd,q,RAp,T\\'^Ai\\]^2q. 



E 



sup |Ii(t)|d7d 

Gr 0<t<T 



1=1 



Y / '"' ^ lit 

< cT-2AiJcd,g,RY,\\^Mh. + ^ E 11^* - ^^iii^^ 

i=l 

Now we turn to deal with /2(i) in (5.6). We have 
E 



(5.10) 



sup 1/2(01 d7d 

Gr 0<t<T 









E / 


Jo 


. Jg 



\AoiXt) - Ao{Xt)\ 

d7d 



'Gr m^ + a^^ 



dt. 



Note that for x G Gr, Xtix) G B{R) for each t G [0,r], thus 



E 



\Ao{Xt) - Ao{Xt)\ ^ 
— 7^779 77 — ^^"^ 

Gr (|6P + f^2)5 



1, 



a 



<-E/ \Ao-Ao\Ktd^d<'-^\\Ao-Ao\\L'^. 



B{R) 



a 
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Again using (6.2), 



E 

wliicli is dominated by 



■d7d 



<CrfE / {M2R\VAQ\{Xt) + M2R\VA^\{Xt))d^d 
Jgr 



B{R) 



[M2R\VA^\)-{Kt + Kt)d-id 



< Cd,q,R ||VAo||l9 Ap_T. 



Therefore we get the following estimate for l2- 



E 



sup \l2{t)\d-fd 



Gr 0<t<T 



< 2rAp^r( C(i,q,i? II VAo||l9 + ~ll^o — ^o||l9 



(5.11) 



In the same way we have 



E 



sup 1/3(^)1 d7d 



Gr 0<t<T 



Cd,g,R llV^illia, + — \\Ai - AiWl,, ) • (5-12 
1=1 ^ i=i ' 



The term /4(t) is negative and hence we omit it. Combining (5.6) and (5.10)-(5.12), we complete 
the proof. □ 

Now we shall construct a solution to SDE (5.1). To this end, we take e = 1/n and we write 
A!^ instead of J^-^ introduced in Section 3. Then by assumption (A2) and Lemma 3.1, there is 
C > independent of n and i, such that 



|Ar(x)|<C(l + |x|). 



(5.13) 



Let X" be the solution to Ito SDE (5.1) with the coefficients (z = 0, 1, . . . , ?n). Then for any 
Q > 1 and r > 0, there exists C^^t > independent of n such that 



e( sup |X;"|" ) < C„,t(1 + kl"), foraUxGR'^. 
\0<t<T ) 



(5.14) 



Let K"^ be the density of (X")^7d with respect to 7^. Under the hypotheses (A2)-(A4), there 
is To > such that (recall that p is the conjugate number of g > 1): 



A 



/ exp(2pro[|^o|+e|5(Ao) 



+ (2p|A,f + |VA,f + 2(p - \)e^\b{A,)\^) 



d7d 



p{2p-l) 



Similar to (3.6), we have 



sup sup Ili^TllLPCldXP) < Ap,To < +00- 
ie[0,To] n>l 



< 00. (5.15) 



(5.16) 



Now we shall prove that the family {X" : n > 1} is convergent to some stochastic field. 

Theorem 5.3. Let Tq be given in (5.15). Then under the assumptions (Al') and (A2)-(A4), 
there exists X ■MxR'^ ^ C([0, Tq], M'') such that for any a>l, 



lim E 

n— >oo 



sup \X^ - Xtl'' ]djd 

\ 0<t<To 



0. 



(5.17) 



23 



Proof. We shall prove that {X"; n > 1} is a Cauchy sequence in L"(ri x M'^; C([0, Tq], R'^)). 
Denote by || • ||oo,To the uniform norm on C([0, Tq], M"^), so what we have to prove is 



lim E 

n,A;— >+oo 



0. 



(5.18) 



First by (5.14), the quantity 



J^.To :=supEf / ||X"||^,r^d7d) <C7„,To / (l + k|2-)d7rf (5.19) 

n>l \JRd / Jm.'l 



is obviously finite. Let R > and set 

GnAw) = {xe M'^; ||X"(u;,x)||oo,To < R}- 
Using (5.19), for any a > 1 and i? > 0, we have 

< 



supE(7,(G^l,^)) < 



n>l 



Now by Cauchy- Schwarz inequality 



E 



< (e[74g^,^ug^;«)] 



■ E 



1/2 



1/2 



Let e > be given; choose R > 1 big enough such that the last quantity in the above inequality 
is less than e. Then we have for any n,k > 1, 



E 



(5.20) 



Let 



^ i=i ^ 



1/2 



which tends to as n. A; — )• +00 since converges to ^0 in L'^ild) and Af converges to Ai in 
-^^^(7d) for i = 1, • • • ,m. Now applying Theorem 5.2 with Ai and Ai being replaced respectively 
by A"- and A^, we get 



log ( + 1 1 d7d 



Gn,Rr\Gk.R 



a. 



n,k 



< 



r r / m s 1/2 n -IS. 



Recall that Af = ipi/^ Pi/nAi, then VAf = Vipi/n ® Pi/nAi + v^i/n e ^/"Pi/„VAi, therefore 

\VA^:\<Py^{\Ai\ + \VA,\). 
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We get the following uniform estimates 



2q. 



So the quantity In,k is uniformly bounded with respect to n, k. Let H be the measure on x 
defined by 



'4'{w, x) dll{w, x) = E 



il){w,x)d'^d{x) 



We have 11(0 x M'^) < 1. Let t] > 0, consider 

Sn,fc = {{'W,x); \\X"-{w,x) - X''{w,x)\\oo,To > "n} 

which is equal to 

o2 



{w,x); log 
It follows that as n, /e — )• +oo, 



I vn vk ||2 



n,k 



+ 1 > los 



+ 1 



n,k 



n(Sn,fe) < 



^n,k 



0. 



since fj^^fc and the family {/n.fcj n, A; > 1} is bounded. Now 



(5.21) 



E 



|x"-x^|IVodri 



l^"-^'IIVodn + 



l^"-^'ll^,Todn. 



(5.22) 



The first term on the right side of (5.22) is less than ry", while the second one, due to (5.19) and 
(5.21), is dominated by 



fl(S„,fc)-JE/ -X'^ll^^ d7d < 2° Jj,,Ton(S„,fc) ^ asn,fe^+oo. 

V Jr'' 



Now taking tj = e^/" and combining (5.20) and (5.22), we prove that 



lim sup E 

•n,k—^+OD 



n vk\\a 



loo,To 



d7d 



< 2e, 



which implies (5.18). 

Let X e L"(0 X M'^;C([0,ro],M'^)) be the limit of X" in this space. We see that for each 
t G [0, T] and almost all x G M*^, w — ^ Xt{'w, x) is in □ 

Proposition 5.4. There exists a family {Kt]t £ [Oj^o]} of density functions on M"^ such that 
{Xt)#jd = Kad for each t G [0,To]. Moreover, supo<t<'ro ll^t ||i,p(Px7d) < ^p,To, where Ap^To is 
given in (5.16). 



Proof. It is the same as the proof of Theorem 3.4. 

The same arguments in the proof of Proposition 4.1 and 4.2 yield the following 



□ 
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Proposition 5.5. For any a > 2, up to a subsequence, 

f / ^ r-t a\ 

lim / E sup V/ [Af{X^)-MXs)]dwl d7, = 0, 

n^ooj^d \0<t<To ~[J0 J 



and 



lim 

n—^oo 



To 



E / \A^iX^) - AoiX^Tds 





djd = 0. 



Now for regularized vector fields Af, i = 0,1, ■ ■ ■ ,m, we have 



Xnx) = x + Y, AnX^)dwl+ A^{X2)ds. 
Jo Jo 



(5.23) 



When n — )• +oo, by Theorem 5.3 and Proposition 5.5, the two sides of (5.23) converge respec- 
tively to X and 



i=l 



+ J2 / Ai{Xs)dwi+ / Ao{Xs)ds 



in the space L"(17 x M'^; C([0, Tq], M"*)). Therefore for almost ah x G W, the following equality 
holds P- almost surely: 



™ pt j-t 
Xt{x) = X + V / A,{Xs) dw", + / Aq{X,) ds, for aU t G [0, Tq]. 
,=1 ^0 Jo 

That is to say, Xt solves SDE (5.1) over [0, Tq]. 

The following result proves the pathwise uniqueness to SDE (5.1) for a.e. initial value x G W^. 

Proposition 5.6. Under the conditions (Al') and (A2)-(A4), the SDE (5.1) has a unique 
solution on the interval [0,To]. 

Proof. Let (i^t)tG[o.To] be another solution. Set, for i? > 0, 

Gr = [{w,x) (^^xM.'^; sup \Xt{w,x) -Yt{w,x)\<R\. 

Remark that in Theorem 5.2, the terms involving 1/a and l/cr^ are equal to zero. Therefore 
the term 



/:=E/ lo^ 

Jgr \ 

— CTo-^p,ToCd,q,R 



( supo<f<ro \Xt-Yt\ 



+ 1 d7d 



\A 



OIId? 



? + ( Eii^^iIb^J +e 

^ i=l ^ i=l 



is bounded for any cr > 0. Consider for r] > 0, 



.r,-){w,x); sup \Xt{w,x) -Yt{w,x)\ > r]}. 
o<t<To 



Similar to (5.21), we have 



E 



Gr 



log M7 + I 
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as <T — 7- 0. So we obtain 



Igu ■ sup \Xt - Yt\ =0, (P X 7<i)-a.s. 

0<i<To 



Letting R — t- oo, we obtain that (P x 7,^) almost surely, Xt = Yt for all t G [0,To]. □ 

Now we extend the solution to any time interval [0,T]. Let OtqW be the time-shift of the 
Brownian motion w and denote by X'[° the corresponding solution to SDE driven by 9tqW- By 
Proposition 5.6, {Xj" {9tqW,x) : < f < Tq} is the unique solution to the SDE over [0,To]: 



Xj\x) 



+ Y, / A,{Xf^{x))d{eT,w)\+ / ^(Xj»(x))d^ 
Jo Jo 



For t G [0,To], define x) = xJ^°{9tqW,Xtq{w,x)). Note that Xt is well defined on 

the interval [0, 2Tq] up to a (P x 7rf)-negligible subset of O x M^. Replacing x by Xtc{x) in the 
above equation, we get easily 

™ ft+To ft+To 
Xt+T,{x) = X + Ai{Xs{x))dwl+ Ao{Xs{x))ds. 

Jo Jo 

Therefore Xt defined as above is a solution to SDE on the interval [0,2ro]. Continuing in this 
way, we obtain the solution of SDE (5.1) on [0, T]. 

Theorem 5.7. The {Xt; t G [0,T]} constructed above is the unique solution to SDE (5.1) in 
the sense of Definition 5.1. Moreover for each t G [0,T], the density Kt of {Xt)#^d with respect 
to 7(i is in the space log . 

Proof. Let Yt, t G [0, T] be another solution in the sense of Definition 5.1. First by Proposition 
5.6, we have (P x 7(i)-almost surely, Yt = Xt for all t G [0,To]. In particular, = Xtq. Next 
by the flow property, It+To satisfies the following equation: 

™ pt ,-t 

Yt+To{x) = YT,{x) + ^ Ai{Ys+To{x))di9TMi+ Ao{Y,+To{x))ds, 
.•1 Jo Jo 



1=1 



that is, It+To is a solution with initial value Ytq. But by the above discussion, Xt-^To is also a 
solution with the same initial value Xtq = Ytq. Again by Proposition 5.6, we have (P x 7(;)-almost 
surely, Xt+To = ^t+To for all t < Tq. Hence we have proved -'^|[o,2To] = ^l[o,2To]- Repeating 
this procedure, we obtain the uniqueness over [0, T]. The existence of density Kt of {Xt)^'yd 
with respect to jd beyond To is deduced from the flow property. However, to insure that 
Kt G logL^, we have to use Theorem 3.3 and the following 



lim / e( sup \X^ -XtAd-fd = 0, 

'^■^°°jRd \0<t<T J 



which can be checked using the same arguments as in the proof of Propositions 4.1 and 4.2. □ 

6 Appendix 

For any locally integrable function / G Lj^^{]R.'^) and i? > 0, the local maximal function Mjif is 
defined by 

MRf{x)= sup I -r [ \fiy)\dy, (6.1) 

0<r<i? ^ehd{B{x,r)) J B{x,r) 

where B{x, r) = {y G M'*; |y — < r}. The following result is the starting point for the approach 
concerning Sobolev coefficients, used in [5] and [36]. 
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Theorem 6.1. Let f G ^^^^^(IR'^) be such that Vf G Ll^^{R'^). Then there is a constant Cd > 
(independent of f) and a negligible subset N , such that for x, y G A^'^ with \x — y\ < R, 

\f{x) - f{y)\ < Cd\x - y\ ((Mfi|V/|)(x) + {Mr\V f\){y))- (6.2) 

moreover for p > 1 and f G L^^^(M'^), there is a constant Cd,p > such that 

[ {MRfrdx<Cd,p [ l/rdx. (6.3) 

JB{r) JB{r+R) 

Since the inequality (6.2) played a key role in the proof of Theorem 5.2, we give here its 
proof for the sake of the reader's convenience. 

We follow the idea of the proof of Claim ^2 on p. 253 in [9]. For any bounded measurable 
subset U in M*^ such that its Lebesgue measure Lebrf(C/) > 0, define the average of / G L\^JW^) 
on U by 

{f)u = / f{y)dy ■■= / f{y)dy. 



JU Lebd(C/) 

Write {f)x,r instead of {f)B{x,r) for simplicity. Then Mfif{x) = supo<r<j?(|/|)x,r- We will need 
the following simple inequality: for any C G M, 

\{f)u-C\<i \ f[y)-C\dy. (6.4) 
Ju 

First, for any x G M*^ and r G ]0, i?], by Poincare's inequality with p = 1 and p* = d/{d — 1) 
(see [9] p. 141), there is > such that 



/ \f-{f)xAdy<( i l/-(/kr|'^/(''-'My 

JB{x,r) \JB{x,r) / 

<Cdr-f \Vf\dy<CdMR\Vf\{x)r. (6.5) 

JB(x,r) 



3{x,r) 

In particular, for all A: > 0, by (6.4) and (6.5), 



l(/)x,r/2fe+l - (/)x,r/2fc| < t 1/ " (/)x,r/2fc I ^2/ 

iB(x,r/2'=+l) 

<2"/ \f-{f)x,r/2>^\dy 

Jb(x.t/2'^) 



IB{x,t/2^) 

<2<'CdMR\Vf\{x)r/2K 

Since / G L\^^{W^), there is a negligible subset N C W^, such that for all x G A^^, f{x) = 
limr_^o(/)x,r- Thus for any x G A^'^, we have by summing up the above inequality that 

oo 

\f{x) - {f)xA < 5;i(/).,./2^+i - {f)x,rl2A < 2'+''CdMR\Vf\{x)r. (6.6) 

A:=0 

Next for all x,y £ N^,x 7^ y and — i/l < R, let r = |x — y|. Then by the triangular 
inequality, (6.4) and (6.5), 

\{f)x,r - {f)y,r\ < / {\{f)x,r " f{z)\ + \f{z) - (/),,.|)dz 

J B{x,r)nB(y,r) 

<Cd\J \{f)x,r - fiz)\ dz + / \f{z) - {f)y,.\ dz 

.JB{x,r) J B{y,T) 
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<CdCd{MR\Vf\{x) + Mn\Vf\{y))r. 



(6.7) 



Now (6.2) follows from the triangular inequality and (6.6), (6.7): 



f{y)\ < \f{x) - (/),,,! + \{f),,r - {f)y,r\ + \{f)y,r " /(?/)| 

< 2^+^CdMR\Vf\{x) r + CdC4Mn\Vf\ix) + MR\Vf\{y))r 

+2'+''CdMR\Vf\{y)r 
= Cd{2^+'' + Cd)\x - y\[MR\Vf\{x) + Mr|V/|(2/)). 



We obtain (6.2). 



□ 
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